We report an experimental realization of the Jaynes-Cummings-Hubbard (JCH) model using the internal and radial phonon states of two trapped ions. An adiabatic transfer corresponding to a quantum phase transition from a localized insulator ground state to a delocalized superfluid (SF) ground state is demonstrated. The SF phase of polaritonic excitations characteristic of the interconnected Jaynes-Cummings (JC) system is experimentally explored, where a polaritonic excitation refers to a combination of an atomic excitation and a phonon interchanged via a JC coupling.
The Jaynes-Cummings (JC) model [1, 2] describing the interaction between a quantized optical mode and a two-level atom is one of the simplest and most important models of light-matter interactions. An interconnected array of multiple JC systems has recently been attracting interest, and the model describing it is referred to as the Jaynes-CummingsHubbard (JCH) model [3] [4] [5] [6] [7] [8] [9] ; an experimental realization of this model has remained to be done. The JCH model was originally proposed for an array of coupled optical cavities, each containing a two-level atom, and is expected to exhibit properties peculiar to strongly correlated systems [10] [11] [12] .
In the JCH model for an array of coupled optical cavities, photons naturally hop between neighboring cavities, whereas the photon-photon interaction arises from a photon blockade [13] , which impedes other photons from entering an occupied cavity.
The JCH model has certain similarities to the Bose-Hubbard (BH) model [11, 12] . It approaches the pure bosonic case in the large detuning and the large photon number limits [3] . In contrast, in the limit of small detuning and small phonon numbers, the coefficient for the on-site repulsion becomes dependent on the photon number. In addition, the conserved particles (polaritons or dressed atoms) transform into various kinds of excitations (atomic excitations, photons or polaritons) depending on the Rabi frequency and detuning. As a result, a JCH system has a richer phase structure compared with a BH system. Both photons and polaritons can show superfluidity, while insulator phases can be formed with both atoms and polaritons [6, 7] .
Recent advances in the ability to manipulate quantum systems have made it possible to simulate a quantum system using another controllable system (analog quantum computation) [14] . Trapped ions offer high controllability and individual access, and hence are suited for such applications [15, 16] . Simulations of systems including spin systems and relativistic electrons have been reported [17] [18] [19] [20] [21] . Simulations of Hubbard models have also been proposed for trapped ions [9, 22] , however an experimental demonstration has remained to be done.
The phonons in the radial (or transverse) direction of a linear ionic chain, which have been used to mediate spin-spin interactions [19, 21] , can also be used to simulate systems of Bosonic particles under certain conditions [22] . In contrast to the axial motion of ions in a linear chain, which is described by collective modes that span over the whole ionic chain, radial phonons under a sufficiently tight radial confinement are essentially 'local phonons' (phonons of local harmonic oscillations) undergoing hopping from site to site with a rate slower than the local harmonic-oscillation frequencies. We recently observed this hopping of radial phonons using two trapped ions [23] . Ivanov et al. [9] proposed to use a JC coupling arising from optical excitation of the radial red sideband transition of a linear ionic chain to induce an effective phonon-phonon coupling, thereby realizing the JCH model. In this letter, we report an experimental realization of the JCH model and observation of a quantum phase transition based on Ivanov et al. [9] In this case the conserved particles are not merely phonons but composite particles each of which is a linear combination of a phonon and an atomic excitation.
The conceptual schematic of the JCH system using trapped ions is shown in Fig. 1(a) .
It is assumed that two ions with internal states {|g j , |e j } and a resonance frequency ω 0 are held in a linear Paul trap. Each of the ions undergoes harmonic motion in a radial direction (referred to as the x direction). Both ions are equally illuminated with a laser of frequency ω L and detuning δ = ω L −ω 0 , which is nearly resonant with the radial red-sideband transitions. Then the system is approximately governed by the following Hamiltonian (a JCH Hamiltonian) [9] :
] is the detuning from the radial red-sideband transition, where ω ′ x ≡ ω x + ∆ω x is the oscillation frequency for the radial x direction, in which ω x is the oscillation frequency of a single ion in the radial x direction and ∆ω x = −ω A JCH system is expected to show quantum phase transitions between superfluid and insulator phases of polaritons [5] . Here a 'superfluid' is a system that has delocalized exci-tations and in which there is a correlation between mechanical variables at different sites.
On the other hand, an 'insulator' is a system that has localized excitations.
As an order parameter characterizing the quantum phase transition, the variance of the total excitation number per site, ∆N 2 j ≡ N 2 j − N j 2 , whereN j =â † jâj + |e j e j |, can be used [5] . The expectation value of the annihilation operator which is usually used in the mean-field limit cannot be used as the order parameter, since it is always zero for a closed system with no particle exchange with the outside [5, 7] . In addition, the atomic excitation number variance ∆N 2 a,j ≡ N 2 a,j − N a,j 2 , whereN a,j = |e j e j |, is also used for judging the existence of polaritons.
The experimental setup used is similar to that described in [23] and a brief description is given here. Two First, the dynamics of the JCH system with two ions is observed. The total dynamics of the two-ion JCH system arises from the JC coupling in individual atoms excited by the excitation laser and inter-site hopping [23] . When the hopping rate κ is much smaller than the JC coupling coefficient g, a simple sinusoidal oscillation similar to Rabi dynamics caused by the sideband excitation of the local radial oscillation modes is expected, while for non-negligible values of κ, an interference between Rabi and hopping dynamics is expected. Figure 2 shows the result of the observation of the JCH dynamics for two ions (the circles),
where the population of the internal state of each ion is plotted. The system is initially prepared in the |g 1 |g 2 |0 1 |0 2 state with sideband cooling and optical pumping. The excitation laser is tuned to the resonance of the blue-sideband transition of the radial x mode. This gives rise to an anti-Jaynes-Cummings coupling [2] , which is formally equivalent to a JC coupling when the internal states {|g j , |e j } are interchanged. The red curves show numerically simulated dynamics for the hopping rate κ/2π of 5.4 kHz, the JC coupling coefficient 2g/2π of 12.0 kHz, and the coherence relaxation due to laser frequency fluctuations of 200 Hz. Although the dynamics is periodical, it is greatly modified from a simple sinusoidal oscillation due to the effect of the inter-site hopping term. The two ions show almost the same dynamics as expected from equal illumination.
As a demonstration of a quantum phase transition, an adiabatic transfer from an insulator ground state to a SF ground state is observed in the average excited-state population of two ions [ Fig. 3 (a) ].
The transfer process starts from a point where −∆/g is large, where the ground state is approximately |ψ atI ≡ |e 1 |e 2 |0 1 |0 2 (the atomic insulator phase). Then ∆/g increases, exceeds zero and becomes a large positive value, where the ground state is approximately
2 ) is the rocking-mode creation operator. This phase is the phonon SF phase. In the intermediate region around ∆ ∼ 0, the system is in the polaritonic SF state.
This polaritonic SF state is approximated as
In the experiment, |ψ atI is prepared with cooling, optical pumping and applying a carrier The initial population in Fig. 3 (a) is ∼5 % smaller than what is expected for |ψ atI . This is the result of infidelity in the carrier π pulse used to prepare |ψ atI , which is presumably due to jitter in the excitation beam. The final population is floating from zero by ∼10 %.
In addition to the imperfect initialization mentioned above, this is due also to infidelity in the adiabatic transfer process itself, which we speculate is due mainly to the effect of laser frequency fluctuations. We previously analyzed the effects of laser frequency fluctuations and adiabaticity in the rapid adiabatic passage on the sideband transitions (Fig. 4 of [25] ; although this analysis was done for a single ion, the overall qualitative and quantitative behavior should be similar). We have confirmed in a numerical simulation that the population go to near zero with less than 1 % error under the assumption of no laser frequency fluctuation. Hence we speculate that the effect of diabatic transitions is limited to below 1 %.
We also analyzed the adiabaticity during the transfer process using the theory of adiabatic variations of Hamiltonians [26] . Fig. 3 (b) shows the time-dependent eigenenergies obtained by diagonalyzing the instantaneous Hamiltonians based on the pulse parameters used in the experiment. From these eigenenergies and eigenvectors, the probability of diabatic transitions is estimated in a similar way as in [25] . The largest leakage from the ground state is the one towards the third lowest level, and its probability is at most 2 %. This is consistent with the numerical result given above.
The effect of the adiabatic transfer process on the phonon states is also examined. 
The transfer process is further analyzed by estimating the excitation number variances (atomic, phonon and total) introduced above. The red circles in Fig. 4 (a) show the atomic excitation number variance ∆N Fig. 3 (a) . The blue triangles in Fig. 4 (a) show the values of the phonon number variance ∆N 2 p,1 withN p,j =â † jâj , which are obtained by measuring the average phonon numbers in the same way as in Fig. 3 (c)-(f) , and estimating the variance according to equation (3) and (4) of the Supplemental material. This supports the argument that the phonon SF ground state is realized at the end of the adiabatic transfer.
Estimation of the total excitation number variance ∆N 2 1 requires simultaneous measurements of internal and phonon states, which are relatively difficult to perform since phonon states should be once mapped to internal states to be read. We avoid such measurements here and instead estimate ∆N (5) and (6) of the Supplemental material along with the results in Fig. 4 (a) . The expected qualitative behavior, including the onset of a phase transition (near 400 µs), an example of which is seen in Fig. 2 of [5] , is reproduced in these results.
In summary, we have observed dynamics and adiabatic transfer between ground states of a JCH system with two ions. Scaling up the JCH system described in this article to include a larger numbers of sites necessitates certain points to be overcome. When the number of ions in the linear chain N ions is increased, the spacing at the center d 0 decreases in proportion to (N ions ) −0.559 [24] and hence κ increases in proportion to (N ions ) 1.677 . On the other hand, it is desired to keep κ/g at moderate values so that the rich phase diagram of the JCH system should be explored as widely as possible. This demand may be fulfilled by tightening the radial confinement (note that κ ∝ ω −1
x ) or by using an array of independent traps, for which inter-ion distances and magnitudes of confinement can be chosen independently. 
To estimate the rocking-mode phonon number variance ∆N 2 p,r , one needs to know the population of rocking-mode phonon Fock states. For the present experimental conditions, this is difficult since, in order to analyze the rockingmode phonon-number distribution by exciting the sideband Rabi oscillation, the sideband Rabi frequency should be much smaller than the hopping rate (5-7 kHz) to resolve the rocking-mode sideband transition, and in such a case the sideband Rabi frequency becomes comparable to the dephasing caused by the fluctuations in laser frequency (200-300 Hz).
We use the fact the total number of excitations in the ion chain, N (in this case two), is conserved for the JCH system to infer ∆N 
where Cov(N a,1 ,N a,2 ) ≡ N a,1Na,2 − N a,1 N a,2 is the covariance (cross correlation) between the two operators. The variances and the covariance in the last line can be all determined from experimental results with individual addressing.
To estimate the total excitation number variance ∆N 2 1 , we need to perform simultaneous measurement of internal and phonon states. Since phonon states are usually measured by mapping them to internal states, such a simultaneous measurement is not straightforward. We here estimated the lower and upper bounds of the total excitation number variance from ∆N 
Thus, by using equation (5) and (6), the lower and upper bounds of ∆N 2 1 can be estimated with the expectation values and variances of the atomic excitation number and phonon number.
